In this note we present a solvability criterion for finite groups. We show that a finite group G is solvable if in every maximal subgroup chain of length 3 of G at least one term is a submodular subgroup of G. This generalizes an earlier result of Deskins.
Abstract.
In this note we present a solvability criterion for finite groups. We show that a finite group G is solvable if in every maximal subgroup chain of length 3 of G at least one term is a submodular subgroup of G. This generalizes an earlier result of Deskins. In [2] Deskins showed that a finite group is solvable if the number of subnormal terms in every maximal subgroup chain of the group is sufficiently large. Theorem (Asaad) . Let G be a finite group such that (\G\,3) = 1 . If v(G) < 8, then G is solvable.
The purpose of this note is to establish a solvability criterion for finite groups that generalizes the variance condition of Deskins. We show that it is not necessary to study maximal chains of arbitrary length. Actually, the solvability of a finite group G with v(G) < 4 or v(G) < 8 and (|G|,3) = 1 arises from the fact that in every maximal chain of G a subnormal subgroup appears within the first 3, resp. 7 steps. Therefore we can restrict our attention to maximal chains of length 3, resp. 7. Moreover it is enough to require that these short maximal chains contain at least one submodular subgroup (instead of a subnormal subgroup). The definition of a submodular subgroup was introduced in [6] .
Definition. A subgroup T of a group G is called submodular in G, if there exists a finite series
such that T¡ is modular in Tj+ x for all / = 1, ..., s.
Recall that a subgroup M of a group G is called modular in G if M is a modular element in the subgroup lattice of G. Since every normal subgroup is modular, it is clear that submodularity is a generalization of both modularity and subnormality. For an investigation of submodular subgroups in finite groups see [6] .
A finite group containing a proper non-trivial submodular subgroup is not simple: If G is a simple group, then < 1 > and G are the only modular elements in the lattice of subgroups of G. This is a consequence of a result due to Schmidt ([5, Lemma 1]):
Lemma (Schmidt). Let M be a maximal modular subgroup of the finite group G. Then either M is a maximal normal subgroup of G or G/MG is a nonabelian group of order pq, p and q prime numbers. be an arbitrary maximal chain of length i in G. Since i/s(W¡) < v(G) < i at least two terms in the chain (W/) must be subnormal in G. Omitting the last term G¡ in (W¡), we obtain a maximal chain of length i -I in which at least one subnormal subgroup of G appears. Therefore the following is immediate:
Every finite group G with v(G) < i is an sm(< i-\)-group.
We now state our main result, which in particular implies the theorems of Deskins and Asaad.
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(i) A finite sm(< 3)-group is solvable.
(ii) A finite sm(< l)-group G is solvable if (\G\, 3) = 1.
If T is a submodular subgroup of a group G and T < U < G, then T is submodular in U. Also TN/N is submodular in G/N for every N <¡ G. From these observations the next lemma is obvious:
Lemma. Let G be a finite sm(< i)-group.
(i) Every maximal non-modular subgroup of G is an sm(< i -\)-group.
(ii) // N < G, then G/N is an sm(< i)-group.
Proof of the theorem. Let G provide a minimal counterexample to the assertion, i.e., G is a non-solvable sm(< 3)-group. First observe that G cannot be simple. Otherwise, G does not contain a proper non-trivial submodular subgroup and therefore every 3-maximal subgroup of G is trivial. (A subgroup is called imaximal if it occurs as the /th term in a maximal chain of G.) This implies that every proper subgroup of G is solvable. But a minimal non-solvable group always contains 3-maximal non-trivial subgroups (cf. [3, p. 190 
]).
It follows from the lemma that every non-modular maximal subgroup as well as every homomorphic image of G is an sm(< 3)-group.
Since a maximal modular subgroup of a non-solvable group contains a nontrivial normal subgroup, the following assumptions are justified:
(1) G possesses a unique minimal normal subgroup N which is nonabelian.
(2) N is contained in every modular maximal subgroup of G.
Now let U be a non-modular maximal subgroup of G. By the lemma, U is solvable and hence UG -1. Let U > Ux > U2 be any maximal chain of length 2 in U. Then Ux or U2 must be submodular subgroups of G. Since UG = 1 , no non-trivial subgroup of U is subnormal in G ([2, Lemma 1]). It follows that Ux or U2 is abelian of square free exponent ([6, Proposition 2]), i.e., every proper subgroup of Ux is submodular in G. Thus: (3) For i > 2 every /-maximal subgroup of a non-modular maximal subgroup of G is submodular in G.
Let N -Nx x • • • x Nr with isomorphic simple groups TV . Take a subgroup P of prime order p in Nx and let P < S e Syl (/V). By the Frattini argument G = NG(S)N which implies, in view of (2) , that NG(S) is contained in a maximal nonmodular subgroup V of G. We have P < S < NN(S) = NG(S) DN< NG(S) < V.
If P is not a maximal subgroup of V, then P is submodular in G by (3) . But this is impossible since the non-abelian simple group Nx does not contain proper non-trivial submodular subgroups. Hence P is maximal in V and therefore P = S = NN(S).
By a theorem of Burnside (cf. [3, p. 419, 2.6 Hauptsatz]) N contains a normal p-complement. This contradiction proves (i).
For the proof of (ii) we choose again a minimal counterexample G, i.e., G is anon-solvable sm(< 7)-group with (|C|,3) = 1 . First assume that G is simple. By (i) of the Lemma every maximal subgroup of G is solvable and hence G is isomorphic to a Suzuki group Sz(q), q = 2 m+ (cf. [3, p. 190] ). A Sylow 2-subgroup of Sz(q) has order q and is properly contained in its normalizer. This implies that Sz(q) contains a proper subgroup of order 2np, p / 2 a prime number, and n > 6. Therefore, Sz(q) possesses a maximal chain of length 8. Consequently, containing no non-trivial submodular subgroup, Sz(q) cannot be an sm(< 7)-group, i.e., G is not simple.
The remainder of the argument runs along the lines of the proof of (i). Again, G contains a unique minimal normal subgroup N = Nx x • • • x Nr which is non-abelian. If P is a subgroup of order 2 in Nx with P < S G Sy\2(N), then P is properly contained in a maximal and non-modular subgroup V of G. Since 3 \ \G\ we have 2 < \S\ which implies that P is an /-maximal subgroup of V for some / > 6 and hence submodular in Nx , a contradiction.
This completes the proof of the theorem.
Remarks, (i) For every natural number / there exists a finite sm(< /)-group with v(G) -/ + 1 . Let s = px •pi be the product of / prime numbers. There exists a prime q such that q = ks + \ , k > 1. If TV is a cyclic group of order q, then its automorphism group A is cyclic of order q -1 = ks. Put G = NXH where H denotes the subgroup of order s in A. Since G is supersolvable every minimal subgroup of G is submodular in G ( [6, Lemma 6] ). Hence G is an sm(< /)-group. It follows from HG = 1 that v(G) = /+ 1.
(ii) Call a group an sm(/)-group if each /-maximal subgroup is submodular. As a consequence of our theorem, if / < 3, then an sm(/)-group is solvable. It seems unclear whether a finite sm(< 3)-group is already an sm(l)-, sm(2)-, or sm(3)-group. More generally, the following question remains open: If G is an sm(< /)-group, does there exist j < i such that G is an sm(y)-group?
